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Abstract: We define in a systematic way, based on the light-cone collinear factorization
method, the chiral-odd generalized parton distributions (GPDs) of a pseudoscalar hadron
(such as the π0) up to twist 5. For that, we introduce the relevant matrix elements for
2-parton non-local operators, as well as matrix elements for 3-parton non-local correlators.
Their detailed parametrization is fixed based on parity, charge conjugation and time rever-
sal invariance. This leads to the introduction of 20 real GPDs, whose symmetry properties
are explicitely given. The reduction of these GPDs to a minimal set is performed by the use
of constraints provided by QCD equations of motion and rotation on the light-cone. We
show that these 20 GPDs can be expressed through 8 GPDs which satisfy 4 integral sum
rules. A surprising outcome of this analysis is the fact that, when assuming the vanishing
of 3-parton correlators, as in the so-called Wandzura-Wilczek approximation, the whole set
of GPDs vanishes.
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1. Introduction
The understanding of exclusive reactions in the generalized Bjorken regime has made sig-
nificant progresses in the recent years, thanks to the factorization properties of the leading
twist amplitudes for deeply virtual Compton scattering [1, 2] and deep-inelastic exclusive
meson production [3].
However, the transversally polarized ρ−meson production does not enter the leading
twist controllable case [4,5] but only the twist 3 more intricate part of the amplitude [6–9].
This is due to the fact that the leading twist distribution amplitude (DA) of a transversally
polarized vector meson is chiral-odd, and hence decouples from hard amplitudes at the twist
two level, even when another leading twist chiral-odd quantity is involved [4, 5], unless in
reactions where more than two final hadrons are involved [10–12]. The corresponding DAs
of ρ−meson have been discussed in great details in refs. [13–15].
In the case of the process γ∗ p → π0 p , the inclusion of chiral-odd π0 DAs beyond
twist 2 has been investigated [16–19]. For consistency, this requires to investigate at the
same level of twist expansion the proton chiral-odd GPDs. This is the ultimate motivation
of our studies. But in the present paper, for simplicity and in order to present details of
our method, we restrict ourselves to the classification of π0 chiral-odd GPDs beyond lead-
ing twist, despite limited possibilities of their phenomenological application (see however
ref. [20]). Note also that related form factors have been estimated on the lattice [21] and
discussed in ref. [22]. An analysis of transverse momentum dependent distributions for the
pion was performed in ref. [23].
In the literature there exist two approaches to the factorization of the scattering ampli-
tudes in exclusive processes at leading and higher twists. The first approach [7,8,24–26], the
light-cone collinear factorization (LCCF), being the generalization of the Ellis–Furmanski–
Petronzio (EFP) method [27–33] to the exclusive processes, deals with the factorization
in the momentum space around the dominant light-cone direction. On the other hand, the
covariant collinear factorization (CCF) approach in coordinate space was successfully ap-
plied in refs. [13,14] to a systematic description of DAs of hadrons carrying different twists.
Although being quite different and using different DAs, both approaches can be applied
to the description of the same processes. We investigated the relationship between these
two approaches, and tested it for the case of high energy γ∗ p → ρT p electroproduction
in ref. [25, 26]. This turned out to be a very powerful tool in order to obtain a consistent
description of HERA data [34], including saturation effects after passing from momentum
to coordinate space representation [35,36].
The aim of the present exploratory paper is to use the LCCF method for the case
of GPDs beyond leading twist. In particular, we want to implement the concept of
n−independence at the correlator level, without dealing with the full scattering ampli-
tude.
The focus on more phenomenological GPDs, namely chiral-even and chiral-odd nucleon
GPDs will be the subject of forthcoming papers. Appart from complications related to
1
nucleon spinor degrees of freedom, the theoretical framework presented here can be applied
without essential change.
The aim of our paper is to provide a classification of chiral-odd π0 GPDs. We restrict
ourselves to 2-parton and 3-parton correlators. Our analysis includes the whole tower of
twist contributions from 2 to 5, but exclude any inclusion of pion mass effects, a question
which has been adressed recently in refs. [37–40]. We perform our analysis within the LCCF
method in momentum space and use the invariance of the non-local operators involved
under rotation and dilatation of the light-cone vector nµ . This allows us to reduce the
obtained GPDs to a minimal set. In the so-called Wandzura-Wilczek limit, where the
3-parton correlators vanish, this reduction shows that each of the 2-parton GPDs vanishes.
The paper is organized as follows. In section 2 we present the classification of chiral-odd
π0 GPDs, based on 2-parton and 3-partons correlators including the whole twist expansion
up to twist 5. In subsection 2.1 we present the kinematics used. In subsection 2.2 we
discuss the general framework of the LCCF method, illustrated with processes of type
Aπ0 → Bπ0. In subsection 2.3, we present the parametrization of the matrix elements of
relevant 2-parton and 3-parton correlators, and define a set of 20 chiral-odd GPDs for π0.
In subsection 2.4, we present the symmetry properties of these chiral-odd GPDs for π0.
In section 3, we construct a minimal set of chiral-odd GPDs for π0. In subsection 3.1
we derive a set of constraints on the 2-parton and 3-parton π0 matrix elements based
on the n-independence condition. In subsection 3.2 we derive the constraint on these
matrix elements coming from the QCD equations of motion. In subsection 3.3 we use these
constraints to perform a reduction to a minimal set of GPDs. A few appendices present
the calculational details needed to complete the proofs.
2. The set of GPDs including two and three body correlators
2.1 Kinematics
The incoming (resp. outgoing) pion carries a momentum p1 (resp. p2). We denote their
mass by m. We define
P =
p1 + p2
2
and ∆ = p2 − p1 . (2.1)
We use the Sudakov basis provided by p and n (with p2 = n2 = 0), normalized such that
p · n = 1 . Therefore, any vector is decomposed as
k = (k · n) p+ (k · p)n+ k⊥ . (2.2)
The skewness ξ is defined through the expansion
∆ = −2ξp+ (∆ · p)n+∆⊥ . (2.3)
We choose the symmetric kinematics for p1 and p2 as
p1 = (1 + ξ) p +
m2 −
∆2
⊥
4
2(1 + ξ)
n−
∆⊥
2
,
p2 = (1− ξ) p +
m2 −
∆2
⊥
4
2(1− ξ)
n+
∆⊥
2
, (2.4)
2
such that P is purely longitudinal, and reads
P = p+ (P · p)n = p+
m2 −
∆2
⊥
4
1− ξ2
n . (2.5)
From the point of view of twist counting, the Sudakov expansion in terms of p, ⊥, n
components is more appropriate, as we discuss in the next subsection. However, from the
point of view of constraints related to time invariance, we find the expansion in terms of
P, ⊥, n components more natural. Note that P · n = p · n = 1 .
2.2 LCCF factorization
Let us consider a hard exclusive process. For definiteness, we name as Q the involved hard
scale (e.g. the γ∗’s virtuality in the case of deeply virtual Compton scattering (DVCS)). We
here recall the basics of the LCCF in order to deal with amplitude of exclusive processes
beyond the leading Q power contribution. For definiteness, in view of the next sections, we
illustrate the key concepts for the hard process Aπ0 → B π0 (where A and B denote generic
initial and final states in kinematics where a hard scale allows for a partonic interpretation,
for example A = γ∗ and B = π ρT pair), written in the momentum representation and in
n · A = 0 axial gauge, as
A =
∫
d4ℓ tr
[
H(ℓ)Φ(ℓ)
]
+
∫
d4ℓ1 d
4ℓ2 tr
[
Hµ(ℓ1, ℓ2)Φ
µ(ℓ1, ℓ2)
]
+ . . . , (2.6)
where H and Hµ are the coefficient functions with two parton legs and three parton legs,
respectively, as illustrated in figure 1.
s
PSfrag replacements
γ∗
Hqq¯
Φqq¯
A B
π0(p1) π
0(p2)
ℓ +
s
PSfrag replacements
γ∗
Hqq¯
Φqq¯A B
π0(p1) π
0(p2)
ℓ1 ℓ2
Hqq¯g
Φqq¯g
+ · · ·
Figure 1: 2- and 3-parton correlators attached to a hard scattering amplitude in the process
Aπ0 → B π0 (for example γ∗ π0 → ρ π0 π0, i.e. B = ρ π0).
In (2.6), the soft parts are given by the Fourier-transformed two or three partons cor-
relators which are matrix elements of non-local operators. In the present paper, we restrict
ourselves to 2- and 3-parton correlators, and we perform the 1/Q twist expansion of the
soft parts involved in these contributions. For consistency, this includes twist contributions
varying from 2 to 5.
The amplitude (2.6) is not factorized yet because the hard and soft parts are related
by the four-dimensional integration in the momentum space and by the summation over
the Dirac indices.
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To factorize the amplitude, we use the Sudakov expansion (2.2), the vector p providing
the dominant direction around which we intend to decompose our relevant momenta and
we perform a Taylor expansion of the hard part. The loop momenta ℓi (for example in
figure 1, i = 1 for the left diagram, and i = 1, 2 for the right diagram) are thus expanded
as
ℓi µ = yi pµ + (ℓi · p)nµ + ℓ
⊥
i µ, yi = ℓi · n , (2.7)
and we make the following replacement of the loop integrations in (2.6):
∫
d4ℓi −→
∫
d4ℓi
∫
dyi δ(yi − ℓi · n) . (2.8)
We then expand the hard part H(ℓ) around the dominant p direction:
H(ℓ) = H(yp) +
∂H(ℓ)
∂ℓα
∣∣∣∣
ℓ=yp
(ℓ− y p)α + . . . , (2.9)
where (ℓ− y p)α = ℓ
⊥
α +(ℓ · p)nα allows one to extract higher twist contributions. One can
see that the above-mentioned steps (2.7)-(2.9) do not yet allow us to factorize collinearly
the amplitude in the momentum space, since the presence of a l⊥ dependence inside the
hard part does not seem to fit with the standard collinear framework. To obtain a fac-
torized amplitude, one performs an integration by parts to replace ℓ⊥α by ∂
⊥
α acting on
the soft correlator in coordinate space. This leads to new operators O⊥ which contain
transverse derivatives, such as ψ¯ ∂⊥ψ, and thus to the necessity of considering additional
non-perturbative correlators Φ⊥(l). We note that since, when performing the integration
over the Sudakov component ℓi · p, using residua method, one can always choose to close
on the pole of ℓ2i = 0, so that when performing the Taylor expansion of the hard part,
there is no non-trivial dynamics associated to Taylor coefficients along the n direction (due
to the mass-shell condition, one can always reorganize the expansion in terms of Taylor
coefficients along the ⊥ direction).
We now perform the loop momenta integrations over the Sudakov components ℓ⊥i
and ℓi · p (keeping in mind that the integration over ℓi · p is done by residua, i.e. the
denominators of ℓi propagators in S are replaced by −iπδ(ℓ
2
i )). These integration over ℓ⊥i
and ℓi · p only affects the soft part since all the ℓ⊥i and ℓi · p dependence of H has been
taken into account through Taylor expansion, and implies that the non-local correlators
involve fields separated by a light-cone distance along the n direction. The integration over
the ℓi · n component is straightforward, see eq. (2.8), and only the yi integrations remain,
which connect the hard and soft parts.
Factorization in the Dirac space can be achieved by the Fierz decomposition. For
example, in the case of two fermions, one should project out the Dirac matrix ψα(0) ψ¯β(z)
which appears in the soft part of the amplitude on the relevant set of Γ matrices.
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After these two steps, the amplitude takes the simple factorized form
A =
1∫
−1
dy tr [Hqq¯(y) Γ] Φ
Γ
qq¯(y) +
1∫
−1
dy tr
[
H⊥µqq¯ (y) Γ
]
Φ⊥Γqq¯ µ(y)
+
1∫
−1
dy1 dy2 tr
[
Hµqq¯g(y1, y2) Γ
]
ΦΓqq¯g µ(y1, y2) + · · · , (2.10)
in which the two first terms in the r.h.s correspond to the 2-parton contribution and the
last one to the 3-parton contribution. As usual the antiquark contribution is interpreted
as the [−1, 0] part of this integral. The formula (2.10) is illustrated symbolically in the
figure 2 for 2-parton contributions and in the figure 3 for 3-parton contributions.
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Figure 2: Factorization of 2-parton contributions in the process Aπ0 → B π0.
s
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Figure 3: Factorization of 3-parton contributions in the process Aπ0 → B π0.
Alternatively, combining the two last terms together in order to emphasize the fact
they both originate from the Taylor expansion based on the covariant derivative, this
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factorization can be written as
A =
1∫
0
dy tr [H(y) Γ] ΦΓ(y) +
1∫
0
dy1 dy2 tr [H
µ(y1, y2) Γ] Φ
Γ
µ(y1, y2). (2.11)
For the process Aπ0 → B π0, the soft parts of the amplitude read
ΦΓ(y) =
∫
d(P · z)
2π
e−i(x−ξ)P ·z−i(x+ξ)P ·z〈π0(p2)|ψ¯(z) Γψ(−z)|π
0(p1)〉 ,
δ(xg − x2 + x1)Φ
Γ
µ(x1, x2) =
∫
d(P · z)
2π
d(P · y)
2π
e−iP ·z(x1+ξ)+iP ·y xg−iP ·z (x2−ξ)
×〈π0(p2)|ψ¯(z) Γ i
←→
DTµ (y)ψ(−z)|π
0(p1)〉 , (2.12)
where the covariant derivative is defined as
−→
Dµ=
−→
∂µ − igAµ(z) . (2.13)
Eq. (2.12) supplemented by the appropriate choice of the Fierz matrices defines the set
of non-perturbative correlators relevant for the description of the π0 GPDs, which we will
discuss in the next subsection.
The LCCF is performed in a light-cone gauge, so that the only gluonic degrees of free-
dom which are exchanged between the hard and the soft part are transverse. In this LCCF
framework, the non-local operators involving quark and antiquark fields supplemented by
transverse gluon fields are closely related to non-local operators involving transverse deriva-
tive of quark and antiquark fields, both being the two parts of the Taylor coefficient along
the ⊥ direction when expressed in terms of the covariant derivative.
2.3 Parametrization of GPDs
Following the discussion of the previous subsection, we now introduce the chiral-odd π0
GPDs which parametrize the 2-parton and 3-parton correlators. This construction is done
taking into account constraints based on charge invariance, time invariance and parity
invariance.
The 2-partons correlators may be written as
〈π0(p2)|ψ¯(z)

 σ
αβ
1
iγ5

ψ(−z)|π0(p2)〉 =
1∫
−1
dx ei(x−ξ)P ·z+i(x+ξ)P ·z × (2.14)

−
i
mpi
(
Pα∆β⊥ − P
β∆α⊥
)
HT +imπ
(
Pαnβ − P βnα
)
HT3 −imπ
(
∆α⊥n
β −∆β⊥n
α
)
HT4
mπHS
0


twist 2 & 4 twist 3 twist 4
where each GPD depends on the arguments x, ξ, t , and we underlined their twist content.
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We note that due to P−parity invariance, there is no twist 3 GPD associated with the
γ5 structure.
We now consider correlators involving the 3-parton and 2-parton (with transverse
derivative). For the σαβ structure, they read
〈π0(p2)|ψ¯(z)σ
αβ
{
i
←→
∂γ⊥
g Aγ(y)
}
ψ(−z)|π0(p1)〉 =


1∫
−1
dx ei(x−ξ)P ·z+i(x+ξ)P ·z∫
d3[x1, 2, g] e
iP ·z(x1+ξ)−iP ·y xg+iP ·z (x2−ξ)


×
[
imπ
(
Pαgβγ⊥ − P
βgαγ⊥
){ T T1
T1
}
+
i
mπ
(
Pα∆β⊥ − P
β∆α⊥
)
∆γ⊥
{
T T2
T2
}
(twist 3 & 5) (2.15)
+imπ
(
∆α⊥g
βγ
⊥ −∆
β
⊥g
αγ
⊥
){ T T3
T3
}
+ imπ
(
Pαnβ − P βnα
)
∆γ⊥
{
T T4
T4
}
(twist 4) (2.16)
+im3π
(
nαgβγ⊥ − n
βgαγ⊥
){ T T5
T5
}
+ imπ
(
nα∆β⊥ − n
β∆α⊥
)
∆γ⊥
{
T T6
T6
}]
, (twist 5) (2.17)
where ∫
d3[x1, 2, g] ≡
1+ξ∫
−1+ξ
dxg
1∫
−1
dx1
1∫
−1
dx2 δ(xg − x2 + x1) , (2.18)
and
←→
∂γ⊥≡
1
2 (
−→
∂γ⊥ −
←−
∂γ⊥) . The functions T
T
i (i = 1, · · · 6) should be understood as T
T
i (x, ξ, t) ,
while Ti (i = 1, · · · 6) denotes Ti(x1, x2, ξ, t) .
For the 1 structure, the correlators are defined as
〈π0(p2)|ψ¯(z)1
{
i
←→
∂γ⊥
g Aγ(y)
}
ψ(−z)|π0(p1)〉 =


1∫
−1
dx ei(x−ξ)P ·z+i(x+ξ)P ·z∫
d3[x1, 2, g] e
iP ·z(x1+ξ)−iP ·y xg+iP ·z (x2−ξ)


× mπ∆
γ
⊥
{
HT4S
TS
}
. (twist 4) (2.19)
For the iγ5 structure, the correlators read
〈π0(p2)|ψ¯(z) iγ
5
{
i
←→
∂γ⊥
g Aγ(y)
}
ψ(−z)|π0(p1)〉 =


1∫
−1
dx ei(x−ξ)P ·z+i(x+ξ)P ·z∫
d3[x1, 2, g] e
iP ·z(x1+ξ)−iP ·y xg+iP ·z (x2−ξ)


× mπ ǫ
γ nP ∆⊥
{
HTP
TP
}
. (twist 4) (2.20)
The various factors of i are introduced in order to ensure that the above GPDs are real.
This can be easily checked based on time-reversal and complex conjugation.
Altogether, the 2- and 3-parton correlators lead to the introduction of 20 different
GPDs. They are not independent, and the reduction to an independent set is postponed
to the section 3.
7
GPD C T
HT (x, ξ, t) −HT (−x, ξ, t) HT (x,−ξ, t)
HT3(x, ξ, t) −HT3(−x, ξ, t) −HT3(x,−ξ, t)
HT4(x, ξ, t) −HT4(−x, ξ, t) HT4(x,−ξ, t)
HS(x, ξ, t) HS(−x, ξ, t) HS(x,−ξ, t)
T T1 (x, ξ, t) −T
T
1 (−x, ξ, t) −T
T
1 (x,−ξ, t)
T1(x1, x2, ξ, t) T1(−x2,−x1, ξ, t) −T1(x2, x1,−ξ, t)
T T2 (x, ξ, t) −T
T
2 (−x, ξ, t) −T
T
2 (x,−ξ, t)
T2(x1, x2, ξ, t) T2(−x2,−x1, ξ, t) −T2(x2, x1,−ξ, t)
T T3 (x, ξ, t) −T
T
3 (−x, ξ, t) T
T
3 (x,−ξ, t)
T3(x1, x2, ξ, t) T3(−x2,−x1, ξ, t) T3(x2, x1,−ξ, t)
T T4 (x, ξ, t) −T
T
4 (−x, ξ, t) T
T
4 (x,−ξ, t)
T4(x1, x2, ξ, t) T4(−x2,−x1, ξ, t) T4(x2, x1,−ξ, t)
T T5 (x, ξ, t) −T
T
5 (−x, ξ, t) −T
T
5 (x,−ξ, t)
T5(x1, x2, ξ, t) T5(−x2,−x1, ξ, t) −T5(x2, x1,−ξ, t)
T T6 (x, ξ, t) −T
T
6 (−x, ξ, t) −T
T
6 (x,−ξ, t)
T6(x1, x2, ξ, t) T6(−x2,−x1, ξ, t) −T6(x2, x1,−ξ, t)
HT4S (x, ξ, t) −H
T4
S (−x, ξ, t) −H
T4
S (x,−ξ, t)
TS(x1, x2, ξ, t) −TS(−x2,−x1, ξ, t) −TS(x2, x1,−ξ, t)
HTP (x, ξ, t) −H
T
P (−x, ξ, t) −H
T
P (x,−ξ, t)
TP (x1, x2, ξ, t) −TP (−x2,−x1, ξ, t) −TP (x2, x1,−ξ, t)
Table 1: Symmetry properties of the 20 chiral-odd π0 GPDs under the charge conjugation C and
the time reversal T
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Passing from the above definitions to the twist expansion is done using the following
identities
Pα∆β⊥ − P
β∆α⊥ = p
α∆β⊥ − p
β∆α⊥ + (P · p)(n
α∆β⊥ − n
β∆α⊥) , (2.21)
Pαnβ − P βnα = pαnβ − pβnα , (2.22)
and
Pαgβγ⊥ − P
βgαγ⊥ = p
αgβγ⊥ − p
βgαγ⊥ + (P · p)
(
nαgβγ⊥ − n
βgαγ⊥
)
. (2.23)
Using eqs. (2.21) and (2.14), one sees that HT contributes to twist 2 and twist 4,
while eq. (2.22) shows that HT3 is purely of twist 3. Similarly, combining eq. (2.15) with
eqs. (2.23, 2.21), one sees that T T1 , T
T
2 , T1, T2 contribute to twist 3 and 5. Combining
eq. (2.22) with eq. (2.16) shows that T T4 , T
T
4 are purely of twist 4. Finally, direct inspection
of eq. (2.16) shows that T T3 , T3 are purely of twist 4 while eq. (2.17) leads to the conclusion
that T T5 , T
T
6 , T5 , T6 are purely of twist 5.
2.4 Symmetry properties
The fact that π0 is an eigenstate underC−conjugation leads to simple symmetry properties,
as diplayed in table 1. Details of the proof are given in appendix A.1.
The time invariance also leads to symmetry properties for the π0 GPDs, as shown in
table 1.
3. The minimal set of GPDs
3.1 n−independence
3.1.1 Arbitrariness of p and n
The light-cone vector n which appears in the above decomposition is arbitrary, as soon as
the constraint n · p = n · P = 1 is satisfied. Starting from an arbitrary choice of n denoted
by n(0), any other choice can be represented as
n = n(0) −
n2⊥
2
p+ n⊥ . (3.1)
One can now also notice that p is not fixed by the kinematics (contrarily to P ), so that
one can vary at the same time n and p. Indeed, starting from an initial choice for p and n,
denoted as p(0) and n(0), one can write
n = αn(0) −
n2⊥
2α
p(0) + n⊥ , (3.2)
p = β p(0) −
p2⊥
2β
n(0) + p⊥ , (3.3)
which satisfy the constraint p · n = 1 provided that
αβ +
n2⊥ p
2
⊥
4αβ
+ n⊥ · p⊥ = 1 . (3.4)
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The generators of these transformations can be easily extracted by first noting that
using a rotation about an axis orthogonal to the plane provided by the z and the p⊥
axis, supplemented by a boost along the z−axis, the p vector can be transformed to β p(0) .
These two transformations, after acting on n, lead to an expression similar to Eq. (3.2), after
proper redefinition of n⊥, and the constraint (3.4) now simply turns out to be αβ = 1 ,
therefore completely fixing the vector p as soon as n is known. Thus, without loss of
generality, since the above transformations we have used just reflect the global Lorentz
invariance of the physical system, the transformation we want to extract are completely
characterized by Eq. (3.2), and the three generators of these transformations are given by
the scaling of n(0) and the two translations in ⊥ space.
The arbitrariness in the choice of the vector n can be used to further reduce the number
of GPDs. We used this principle at the level of the amplitude of the process γ∗p→ p ρ in
refs. [25, 26], in the form
d
dnµ⊥
A = 0 . (3.5)
This relation leads to two relations between the various involved DAs, after proper use of
Ward identities, which allow one to factorize out the hard parts involved in the amplitude
A. In ref. [25], we have obtained the same equations after implementing this arbitrariness
at the level of the matrix elements of the non-local operators involved in the definition of
DAs. We now rely here on this idea for the chiral-odd pion GPDs.
3.1.2 Variation of a Wilson line
Consider a Wilson line [y, x]C between x and y along an arbitrary path C, defined as
[y, x]C ≡ PC exp ig
∫ y
x
dxµA
µ(x) , (3.6)
in accordance with the covariant derivative normalized as in eq. 2.13.
PSfrag replacements
C
C ′
x[0] = x
x[1] = y
x′[0] = x′
x′[1] = y′
x[σ]
x′[σ]
δx[σ]
δx[0]
δx[1]
Figure 4: Variation of a Wilson line from path C to path C′.
The following equation for the deformation of this Wilson line [y, x]C , illustrated in
figure 4, can be derived in a gauge-invariant form as [41]
δ[y, x]C = −i g
∫ 1
0
[y, x[σ]]C Gνγ(x[σ]) δx
γ [σ]
dxν
dσ
[σ] [x[σ], x]C dσ
+ i g A(y) · δx[1] [y, x]C − i g [y, x]C A(x) · δx[0] , (3.7)
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where σ is a parameter encoding the maping between the arbitrarily choosen domain [0, 1]
and the path C, with the boundaries x[0] = x and x[1] = y .
One can now apply the result (3.7) to the case of a path joining the points −z and
z, with z along the light cone defined by the vector n . For simplicity, although this path
along the light-cone can be completely arbitrary, we choose it to be a straight line from −z
to z. It is thus parameterized as x[τ ] = τ z with τ ∈ [−1, 1] .
According to the discussion of section 3.1.1, the arbitrariness in the choice of the vector
n should be encoded by either considering the rescaling of n, i.e. of z , or the translations
of n by n⊥, i.e. of z by z⊥ .
Let us first consider a dilation of z by a factor λ . We thus have
δ zγ = zγ δλ . (3.8)
For the considered path encoded by x[τ ] = τ z the corresponding variation reads
δxγ [τ ] = τ zγ δλ = τ δzγ , (3.9)
while
dxν
dτ
[τ ] = zν , (3.10)
so that
dxν
dτ
[τ ] δxγ [τ ] = zν τ δzγ . (3.11)
Thus, the variation of the considered Wilson line reads
δ[z,−z] = −i g
∫ 1
−1
[z, x[τ ]] Gνγ(x[τ ]) δx
γ [τ ]
dxν
dτ
[τ ] [x[τ ], x] dτ
+ i g A(y) · δx[1] [y, x]C − i g [y, x]A(x) · δx[−1]
= −i g
∫ 1
−1
τ dτ [z, x[τ ]] zν Gνγ(x[τ ]) [x[τ ], x]δz
γ
+ i g Aγ(y)δz
γ [−z, z] + i g [−z, z]Aγ(x)δz
γ , (3.12)
where we have used the fact that δxγ [1] = δzγ and δxγ [−1] = −δzγ .
Second, we consider a translation of z by δz⊥ . We thus have
δ zγ = δzγ⊥ , (3.13)
and
δxγ [τ ] = τ δzγ⊥ , (3.14)
while
dxν
dτ
[τ ] = zν , (3.15)
so that
dxν
dτ
[τ ] δxγ [τ ] = zν τ δzγ⊥ . (3.16)
Thus, the obtained variation for the Wilson line is again given by eq. (3.12).
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3.1.3 Operator identity
Consider now an arbitrary Dirac Γ matrix. From (3.12), the following operator identity
can be immediately derived [42]
∂
∂zγ
[
ψ¯(z)Γ[z, −z]ψ(−z)
]
= (3.17)
−ψ¯(z)Γ[z, −z]
−→
Dγ ψ(−z) + ψ¯(z)
←−
Dγ Γ[z, −z]ψ(−z)
−ig
1∫
−1
dv v ψ¯(z)[z, vz]zνGνγ(vz)Γ[vz, −z]ψ(−z) ,
where the covariant derivative is defined as in eq. (2.13) so that
−→
Dα=
−→
∂α −igAα(−z) and
←−
Dα=
←−
∂α +igAα(z) , and the derivative along zγ should be understood as acting either along
the n direction or along the ⊥ direction, in accordance to the above discussion.
3.1.4 Application to matrix elements
The next stage is to use this operator identity at the level of a matrix element. Thus, we
consider the various 2-partons correlators (2.14) and write
∂
∂zγ
[
〈π0(p2)|ψ¯(z)Γ[z, −z]ψ(−z)|π
0(p1)〉
]
= (3.18)
−〈π0(p2)|ψ¯(z)Γ[z, −z]
−→
Dγ ψ(−z) + ψ¯(z)
←−
Dγ Γ[z, −z]ψ(−z)|π
0(p1)〉 (3.19)
−ig
1∫
−1
dv v 〈π0(p2)|ψ¯(z)[z, vz]z
νGνγ(vz)Γ[vz, −z]ψ(−z)|π
0(p1)〉 , (3.20)
Up to now, the above identities are valid in an arbitrary gauge. Eqs. (3.17) and (3.18)
are valid for δzγ in the n or ⊥ directions. In the case of a variation δzγ along n, z
νGνγ
vanishes, since nνnγGνγ = 0 . In order to deal with the case of a variation in the ⊥ direction,
we now restrict ourselves to the light-like gauge
n · A = 0 . (3.21)
In this gauge, the needed field-strength matrix element reduces to
zνGνγ = z
ν∂νAγ (3.22)
since z is along n . Note that in eq. (3.22), the index γ can be ⊥ or along p, although in the
later case both side of this relation vanishes (the left-hand-side because of antisymmetry
of Gνγ , and the right-hand-side because of light-like gauge (3.21)).
The fact that only the γ⊥ index contributes in eq. (3.22) in a non-trivial way is consis-
tent with our LCCF framework in which only matrix elements involving the ⊥ components
of the field Aγ are introduced, see eqs. (2.15, 2.16, 2.17), (2.19) and (2.20).
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Let us now consider the part (3.20) of eq. (3.18). We thus have, in light-like gauge,
−ig
1∫
−1
dv v 〈π0(p2)|ψ¯(z) z
νGνγ(vz) Γψ(−z)|π
0(p1)〉
= −ig
1∫
−1
dv v 〈π0(p2)|ψ¯(z)z
β [∂βAγ(vz)] Γψ(−z)|π
0(p1)〉
= −ig
1∫
−1
dv 〈π0(p2)|ψ¯(z)v z
β ∂
∂(v z)β
Aγ(vz)Γψ(−z)|π
0(p1)〉
= +ig
1∫
−1
dv 〈π0(p2)|ψ¯(z)Aγ(vz) Γψ(−z)|π
0(p1)〉 − i g 〈π
0(p2)|ψ¯(z)Aγ(z) Γψ(−z)|π
0(p1)〉
−i g 〈π0(p2)|ψ¯(z)Aγ(−z) Γψ(−z)|π
0(p1)〉 (3.23)
where we used v zβ ∂
∂(v z)β
Aγ⊥(vz) = v
∂
∂v
Aγ⊥(vz) and then integrated by part to pass from
3rd to 4th line. Now, combining (3.23) with the part of eq. (3.19) which involves the field
A , we get
∂
∂zγ
[
〈π0(p2)|ψ¯(z) Γψ(−z)|π
0(p1)〉
]
= (3.24)
−〈π0(p2)|ψ¯(z)Γ
−→
∂γ ψ(−z) + ψ¯(z)
←−
∂γ Γψ(−z)|π
0(p1)〉 (3.25)
+ ig
1∫
−1
dv 〈π0(p2)|ψ¯(z) ΓAγ(vz)Γψ(−z)|π
0(p1)〉 . (3.26)
For the index γ along n, since A · n = 0 , this relation reduces trivially to
∂
∂zγ
[
〈π0(p2)|ψ¯(z) Γψ(−z)|π
0(p1)〉
]
= −〈π0(p2)|ψ¯(z)Γ
−→
∂γ ψ(−z) + ψ¯(z)
←−
∂γ Γψ(−z)|π
0(p1)〉 , (3.27)
which is obviously satisfied.
The non trivial case arises when the index γ is along the ⊥ direction, because of the
term (3.26). We write symbolically this contribution as
ig
1∫
−1
dv 〈π0(p2)|ψ¯(z) ΓAγ⊥(vz)Γψ(−z)|π
0(p1)〉 = ig
1∫
−1
dv
1∫
−1
dx1
1∫
−1
dx2
1+ξ∫
−1+ξ
dxg
×δ(x1 − x2 + xg) e
iP ·z(x1+ξ)−iP ·z v (x2−x1)+iP ·z (x2−ξ) g(i,mπ)T
γ⊥···f(x1, x2, xg) , (3.28)
relying on the parametrizations of 3-parton correlators introduced in eqs. (2.15, 2.16, 2.17),
(2.19) and (2.20). The factors of i and mπ are included in g(i,mπ) , while f(x1, x2, xg)
denotes the various GPDs introduced there (we do not introduce the variables ξ and t for
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simplicity of notations), with the corresponding tensor structures T γ··· . Integrating over v
gives
ig
1∫
−1
dv 〈π0(p2)|ψ¯(z) ΓAγ(vz)Γψ(−z)|π
0(p1)〉 = ig
1∫
−1
dx1
1∫
−1
dx2
1+ξ∫
−1+ξ
dxg
× δ(x1 − x2 + xg)
i
P · z (x2 − x1)
(
e2iP ·z x1 − e2iP ·z x2
)
g(i,mπ)T
γ···f(x1, x2, xg)
= −2 g(i,mπ)T
γ···
1∫
−1
dη
1+ξ∫
−1+ξ
dxg

 η∫
−1
dx2
1∫
η
dx1 −
1∫
η
dx2
η∫
−1
dx1

 δ(x1 − x2 + xg)
×
1
x2 − x1
e2iP ·z ηf(x1, x2, xg) , (3.29)
where we have used the representation
e2iP ·z x1 − e2iP ·z x2 = 2i(P · z)
x1∫
x2
dη e2iP ·z η , (3.30)
and we have interchanged the order of integrals.
The derivative of 〈π0(p2)|ψ¯(z) Γψ(−z)|π
0(p1)〉 with respect to z
γ
⊥ vanishes, as can be
seen from the right-hand-side of eq. (2.14) where the dependence with respect to z only
involves its n component through P · z.
Thus, eq. (3.24) implies that the opposite of line (3.25), parametrized by eqs. (2.15,
2.16, 2.17) should equal line (3.26), given by eq. (3.29). This finally leads, after identifica-
tion of η with x, to 8 equations:

T Ti (x, ξ, t)
HT4S (x, ξ, t)
HTP (x, ξ, t)

 =
1+ξ∫
−1+ξ
dxg

 x∫
−1
dx2
1∫
x
dx1 −
1∫
x
dx2
x∫
−1
dx1

δ(x1 − x2 + xg)
x2 − x1


Ti(x, ξ, t)
TS(x, ξ, t)
TP (x, ξ, t)

 ,
(3.31)
where i = 1, · · · , 6 in the first line, which corresponds to the structure Γ = σαβ . The
second line is related to Γ = 1 , and the last line to Γ = iγ5 .
3.2 QCD equations of motion
In this subsection, we derive the QCD equations of motion satisfied by the pion chiral-odd
GPDs.
We start with the Dirac equation
0 = 〈π0(p2)| (i /Dψ)α(−z) ψ¯β(z) |π
0(p1)〉
= 〈π0(p2)| [(i/∂Lψ)α(−z) + (i/∂⊥ψ)α(−z) + g (/Aψ)α(−z)] ψ¯β(z) |π
0(p1)〉 (3.32)
= (a) + (b) + (c) .
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Let us first derive an algebraic identity which is based on translational invariance of the
considered correlator. One has
〈π0(p2)|ψα(z2) ψ¯β(z1) |π
0(p1)〉 = e
i
z1+z2
2
·∆〈π0(p2)|ψα
(
z2 − z1
2
)
ψ¯β
(
−
z2 − z1
2
)
|π0(p1)〉,(3.33)
so that
〈π0(p2)| [∂µψα(z2)] ψ¯β(z1) |π
0(p1)〉 (3.34)
= ei
z1+z2
2
·∆
[
i
2
∆µ +
∂
∂zµ2
]
〈π0(p2)|ψα
(
z2 − z1
2
)
ψ¯β
(
−
z2 − z1
2
)
|π0(p1)〉 . (3.35)
Taking z2 = −z and z1 = z, we get
〈π0(p2)| [∂µψα(−z)] ψ¯β(z) |π
0(p1)〉 =
[
i
2
∆µ −
1
2
∂
∂zµ
]
〈π0(p2)|ψα (−z) ψ¯β (z) |π
0(p1)〉.(3.36)
Let us first use this trick to deal with term (a) of eq. (3.32). We have
∫
d(P · z) e−i(x−ξ)P ·z−i(x+ξ)P ·z〈π0(p2)|(i/∂Lψ)α(−z) ψ¯β(z) |π
0(p1)〉 (3.37)
=
∫
d(P · z) e−i(x−ξ)P ·z−i(x+ξ)P ·z(x+ ξ) /Pαα′〈π
0(p2)|ψα′(−z) ψ¯β(z) |π
0(p1)〉
= −
1
4
∫
d(P · z) e−i(x−ξ)P ·z−i(x+ξ)P ·z(x+ ξ)
[
1
2
( /P σρσ)αβ 〈π
0(p2)| ψ¯(z)σ
ρσ ψ(−z) |π0(p1)〉
+ /Pαβ〈π
0(p2)| ψ¯(z)1ψ(−z) |π
0(p1)〉 − i
(
/Pγ5
)
αβ
〈π0(p2)| ψ¯(z) i γ
5 ψ(−z) |π0(p1)〉
]
,
(3.38)
where we have used eq. (3.36) and performed an integration by part, assuming the vanishing
of fields at infinity to get the second line, and performed Fierz decomposition to get the
last line. Thus, we obtain after expanding into a basis of Dirac structures,∫
d(P · z) e−i(x−ξ)P ·z−i(x+ξ)P ·z〈π0(p2)|(i/∂Lψ)α(−z) ψ¯β(z) |π
0(p1)〉 (3.39)
= −
2π
4
(x+ ξ)mπ
{
−
i
m2π
/P σP∆⊥ HT (x) + i /P σPnHT3(x)− i /P σ∆⊥nHT4(x) + /PHS(x)
}
= −
2π
4
(x+ ξ)
{
mπ /∆⊥
(
P 2
m2π
HT (x)−HT4(x)
)
+ /P (mπHT3(x) +mπHS(x))
−/nmπ P
2HT3(x) + imπ ǫ
∆⊥Pnµ γ5 γµHT4(x)
}
. (3.40)
We now consider the contribution (b). Again, we use eq. (3.36), in the form
〈π0(p2)|
[
∂⊥µ ψα(−z)
]
ψ¯β(z) |π
0(p1)〉 =
i
2
∆⊥µ 〈π
0(p2)|ψα (−z) ψ¯β (z) |π
0(p1)〉
−
1
2
〈π0(p2)|ψα (−z)
[−→
∂⊥µ −
←−
∂⊥µ
]
ψ¯β (z) |π
0(p1)〉 . (3.41)
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This leads to∫
d(P · z) e−i(x−ξ)P ·z−i(x+ξ)P ·z〈π0(p2)|(i/∂⊥ψ)α(−z) ψ¯β(z) |π
0(p1)〉 (3.42)
= −
1
4
∫
d(P · z) e−i(x−ξ)P ·z−i(x+ξ)P ·z
[
−
1
4
( /∆⊥ σρσ)αβ 〈π
0(p2)| ψ¯(z)σ
ρσ ψ(−z) |π0(p1)〉
−
1
2
/∆⊥αβ〈π
0(p2)| ψ¯(z)1ψ(−z) |π
0(p1)〉+ i
1
2
(
/∆⊥γ
5
)
αβ
〈π0(p2)| ψ¯(z) i γ
5 ψ(−z) |π0(p1)〉 ,
+
1
2
(γµ σρσ)αβ 〈π
0(p2)| ψ¯(z)σ
ρσ i
←→
∂µ⊥ ψ(−z) |π
0(p1)〉
+(γµ)αβ〈π
0(p2)| ψ¯(z) i
←→
∂µ⊥ ψ(−z) |π
0(p1)〉+ (γµ γ
5)αβ〈π
0(p2)| ψ¯(z) γ
5 i
←→
∂µ⊥ ψ(−z) |π
0(p1)〉
]
.
which involves the 2-partons GPDs without transverse derivative defined in eqs. (2.14) and
with transverse derivative defined in eqs. (2.15, 2.16, 2.17, 2.19, 2.20). Substituting these
parametrizations and performing basic algebra, we obtain∫
d(P · z) e−i(x−ξ)P ·z−i(x+ξ)P ·z〈π0(p2)|(i/∂⊥ψ)α(−z) ψ¯β(z) |π
0(p1)〉 = −
2π
4
(3.43)
×
{
/P
(
∆2⊥
2mπ
HT (x) + 2mπT
T
1 (x) +
∆2⊥
mπ
T T2 (x)
)
+mπ /∆⊥
(
−
1
2
HS(x) + T
T
3 (x) + H
T4
S (x)
)
+/n
(
−
1
2
mπ∆
2
⊥HT4(x) + 2m
3
π T
T
5 (x) + mπ∆
2
⊥ T
T
6 (x)
)
+ imπ ǫ
∆⊥Pnµγ5 γµ
(
T T4 (x) + H
T
P (x) + HT3(x)
)}
αβ
. (3.44)
We now consider the contribution (c). After Fierz transform, one gets∫
d(P · z) e−i(x−ξ)P ·z−i(x+ξ)P ·z〈π0(p2)| g (/Aψ)α(−z) ψ¯β(z) |π
0(p1)〉 (3.45)
= −
1
4
∫
d(P · z) e−i(x−ξ)P ·z−i(x+ξ)P ·z
[
1
2
(γµσρσ)αβ 〈π
0(p2)| ψ¯(z)σ
ρσ Aµ(−z)ψ(−z) |π
0(p1)〉
+ γµαβ 〈π
0(p2)| ψ¯(z)Aµ(−z)ψ(−z) |π
0(p1)〉
+
(
γµ γ5
)
αβ
〈π0(p2)| ψ¯(z) γ
5 Aµ(−z)ψ(−z) |π
0(p1)〉
]
.
This relation only involves π0 GPDs defined in eqs. (2.15, 2.16, 2.17, 2.19, 2.20). After
simple algebra, one gets∫
d(P · z) e−i(x−ξ)P ·z−i(x+ξ)P ·z〈π0(p2)| g (/Aψ)α(−z) ψ¯β(z) |π
0(p1)〉 =
2π
4
(3.46)
×
1∫
−1
dy
1+ξ∫
−1+ξ
dxg δ(xg − x+ y)
{
−/Pαβ
[
2mπ T1(y, x) +
∆2⊥
mπ
T2(y, x)
]
−mπ /∆⊥αβ [T3(y, x) + TS(y, x)] − /nαβ
[
2m3π T5(y, x) +mπ∆
2
⊥ T6(y, x)
]
− imπǫ
∆⊥P nµ
(
γ5γµ
)
αβ
[T4(y, x) + TP (y, x)]
}
. (3.47)
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Summing-up contributions (a)+(b)+(c) as given from eqs. (3.39, 3.43, 3.46), and demand-
ing the vanishing of the contributions multiplying the four independent structures /Pαβ ,
/∆⊥αβ , /nαβ and i ǫ
∆⊥P nµ
(
γ5γµ
)
αβ
, we obtain the following four equations
(x+ ξ)(mπHT3 +mπHS) +
∆2⊥
2mπ
HT + 2mπ T
T
1 +
∆2⊥
mπ
T T2
+
1+ξ∫
−1+ξ
dxg
1∫
−1
dy δ(xg − x+ y)
(
2mπ T1(y, x) +
∆2⊥
mπ
T2(y, x)
)
= 0 , (3.48)
(x+ ξ)
(
P 2
mπ
HT −mπHT4
)
+mπ
(
−
1
2
HS + T
T
3 +H
T4
S
)
+
1+ξ∫
−1+ξ
dxg
1∫
−1
dy δ(xg − x+ y) (T3(y, x) + TS(y, x)) = 0 , (3.49)
(x+ ξ)mπ P
2HT3(x) +
mπ∆
2
⊥
2
HT4(x)− 2m
3
π T
T
S (x)−mπ∆
2
⊥ T
T
6 (x)
−
1+ξ∫
−1+ξ
dxg
1∫
−1
dy δ(xg + y − x)
(
2m3πT5(y, x) +mπ∆
2
⊥ T6(y, x)
)
= 0 , (3.50)
and
(x+ ξ)HT4(x)−
1
2
HT3(x) + T
T
4 (x) +H
T
P (x)
+
1+ξ∫
−1+ξ
dxg
1∫
−1
dy δ(xg + y − x) (T4(y, x) + TP (y, x)) = 0 . (3.51)
A second set of four equations is obtained in an analogous way by considering the various
correlators involved in the following equation
0 = 〈π0(p2)|ψα(−z) (i /Dψ¯)β(z) |π
0(p1)〉 . (3.52)
These equations read
(x− ξ)(−mπHT3 +mπHS) +
∆2⊥
2mπ
HT − 2mπ T
T
1 −
∆2⊥
mπ
T T2
−
1+ξ∫
−1+ξ
dxg
1∫
−1
dy δ(xg − y + x)
(
2mπ T1(x, y) +
∆2⊥
mπ
T2(x, y)
)
= 0 , (3.53)
(x− ξ)
(
−
P 2
mπ
HT +mπHT4
)
+mπ
(
1
2
HS − T
T
3 +H
T4
S
)
−
1+ξ∫
−1+ξ
dxg
1∫
−1
dy δ(xg − y + x) (T3(x, y)− TS(x, y)) = 0 , (3.54)
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(x− ξ)mπ P
2HT3(x)−
mπ∆
2
⊥
2
HT4(x)− 2m
3
π T
T
S (x)−mπ∆
2
⊥ T
T
6 (x)
−
1+ξ∫
−1+ξ
dxg
1∫
−1
dy δ(xg − y + x)
(
2m3π T5(x, y) +mπ∆
2
⊥ T6(x, y)
)
= 0 , (3.55)
and
(x− ξ)HT4(x) +
1
2
HT3(x) + T
T
4 (x)−H
T
P (x)
−
1+ξ∫
−1+ξ
dxg
1∫
−1
dy δ(xg − y + x) (−T4(x, y) + TP (x, y)) = 0 . (3.56)
Note that the two sets of equations (3.48, 3.49, 3.50, 3.51) and (3.53, 3.54, 3.55, 3.56) are
related by charge conjugation, as can be checked explicitly using table 1.
3.3 Toward a minimal set of GPD
3.3.1 The twist 5 case
In section 2.3, we introduced a set of 20 chiral-odd π0 GPDs. They are related by
n−independence constraints, see section 3.1, and by QCD equations of motion, discussed
in section 3.2. The n−independence constraints lead to the 8 equations (3.31) while the
QCD equation of motions gives 8 other equations (3.48, 3.49, 3.50, 3.51, 3.53, 3.54, 3.55,
3.56). The reduction to a minimal set of GPDs is not straightforward, and not unique. We
now show that a particular reduction procedure results in expressing the set of 20 GPDs in
terms of the 8 GPDs Ti (i = 1, · · · , 6), TP , TS , which are related by 4 integral sum rules.
First, using the n−independence constraints (3.31), one can express T Ti in terms of Ti
(i = 1, · · · , 6), as well as HT4S in term of TS, and H
T
P in term of TP , thus reducing the set
of 20 GPDs to 12.
Second, adding and substracting eq. (3.50) and eq. (3.55), one can express HT3 and
HT4 as functions of the combination 2m
3
π T5(y, x) +mπ∆
2
⊥ T6(y, x) .
Third, adding and substracting eq. (3.49) and eq. (3.54), one can express HT and HS
as two functions of T3 , TS and 2m
3
π T5(y, x) +mπ∆
2
⊥ T6(y, x) .
Fourth, inserting the already obtained expressions for HT3 and HT4 in eq. (3.51)
and eq. (3.56), one gets two integral sum-rules, relating T4 TP , and 2m
3
π T5(y, x) +
mπ ∆
2
⊥ T6(y, x) , and are related by charge conjugation.
Fifth, inserting the already obtained expressions for HT3, HS and HT in eq. (3.48) and
eq. (3.53), one gets two integral sum-rules related by charge conjugation, involving T3 , TS ,
2mπ T1 +
∆2
⊥
mpi
T2 and 2m
3
π T5(y, x) +mπ ∆
2
⊥ T6(y, x) .
3.3.2 The twist 4 limit
In the limit where we only consider the twist contributions up to 4, 16 chiral-odd π0 GPDs
should be introduced. The n−independence constraints lead to the 6 equations (3.31) while
the QCD equation of motions gives 8 other equations (3.48, 3.49, 3.50, 3.51, 3.53, 3.54,
3.55, 3.56).
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Following the same reduction procedure as in section 3.3.2, the set of 16 GPDs can be
expressed in terms of the 6 GPDs Ti (i = 1, · · · , 4), TP , TS , which are related by 4 integral
sum rules.
Indeed, first, using the n−independence constraints (3.31), one can express T Ti in terms
of Ti (i = 1, · · · , 4), as well as H
T4
S in term of TS , and H
T
P in term of TP , thus reducing
the set of 16 GPDs to 10.
Second, adding and substracting eq. (3.50) and eq. (3.55) shows that HT3 = HT4 = 0 .
Third, adding and substracting eq. (3.49) and eq. (3.54), one can express HT and HS
as two functions of T3 , TS .
Fourth, eq. (3.51) and eq. (3.56) turns to be two integral sum-rules, relating T4 and
TP , which are related by charge conjugation.
Fifth, inserting the already obtained expressions for HS and HT in eq. (3.48) and
eq. (3.53), one gets two integral sum-rules related by charge conjugation, involving T3 , TS
and 2mπ T1 +
∆2
⊥
mpi
T2 .
3.3.3 The twist 3 limit
In the limit where we restrict ourselves to the twist contributions up to 3, 7 chiral-odd
π0 GPDs should be introduced. The n−independence constraints lead to the 2 equations
(3.31) while the QCD equation of motions gives 5 other equations (3.48, 3.49, 3.50, 3.53,
3.54).
Following the same reduction procedure as in section 3.3.2, the set of 7 GPDs can be
expressed in terms of the 2 GPDs T1 and T2 , which are related by 2 integral sum rules.
Indeed, first, using the n−independence constraints (3.31), one can express T T1 and
T T2 in terms of T1 and T2 respectively, thus reducing the set of 7 GPDs to 5.
Second, eq. (3.50) shows thatHT3 = 0 .
Third, adding and substracting eq. (3.49) and eq. (3.54), show that HT = HS = 0 .
Fourth, eq. (3.48) and eq. (3.53) provide two integral sum-rules, involving 2mπ T1 +
∆2
⊥
mpi
T2 , which are related by charge conjugation.
3.3.4 The vanishing of GPDs in the Wandzura-Wilczek limit
To conclude this section, we consider the Wandzura-Wilczek limit, i.e. assuming that the
3-parton correlators vanish, Ti = 0 (i = 1, · · · , 6) and TS = TP = 0. In this limit, the
discussion of section 3.3.1 shows that all GPDs actually vanish. Thus, in this limit we get
the important and somewhat surprising result that the amplitude of any process involving
the chiral-odd π0 GPDs simply vanish.
4. Conclusion
We have analyzed in a systematic way, using the LCCF framework, the classification of
chiral-odd GPDs for the π0 . For that, we introduced the relevant matrix elements for
2-parton non-local operator with and without transverse derivative, as well as matrix el-
ements for 3-parton non-local correlators. Their detailed parametrization has been fixed
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using parity, charge conjugation and time reversal invariance. This leads to the introduc-
tion of 20 real GPDs, whose symmetry properties are explicitely given. The reduction of
these GPDs to a minimal set is performed with the help of QCD equations of motion and
n−independence, which is discussed at length at the operator level. We show that these 20
GPDs can be expressed through 8 GPDs which satisfy 4 sum rules. An important outcome
of this analysis is the fact that when assuming the vanishing of 3-parton correlators, in the
so-called Wandzura-Wilczek approximation, the whole set of GPDs vanishes.
In future papers, we plan to investigate using the same method the structure of nucleon
GPDs for chiral-even and chiral-odd sectors.
For these nucleon GPDs, important phenomenological progress may come from real
or virtual photon–photon collisions, which may be accessible either at electron–positron
colliders or in ultraperipheral collisions at hadronic colliders [43,44].
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A. Appendices
A.1 Symmetry properties of GPDs under charge conjugation C
We present here basic steps which lead to symmetry properties of GPDs shown in the
second column of table 1, based on charge conjugation. As an example we consider first
the 2-parton GPD related to the matrix element 〈π0(p2)|ψ¯(−z)σ
αβ ψ(z)|π0(p1)〉, in which
we omit the Wilson line. Substitution of 1 = C†C into the correlator of the above matrix
element, where C is the charge conjugation operator satisfying
C ψ(z) C† = ηc C ψ¯
T (z), (A.1)
with C = −CT = −C†, we obtain the relation
〈π0(p2)| ψ¯(−z)σ
αβ ψ(z) |π0(p1)〉 = −〈π
0(p2)| ψ¯(z)σ
αβ ψ(−z) |π0(p1)〉 . (A.2)
The introduction of parametrization of this GPD leads to the symmetry property
HT (x, ξ, t) = −HT (−x, ξ, t) , (A.3)
shown in the table 1.
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Let us now consider, as an example, the 3-parton GPD defined by the matrix element
〈π0(p2)|ψ¯(0)σ
αβ Aγ(y)ψ(z)|π0(p1)〉. To obtain the analog of eq. (A.2) we use apart of
(A.1) the transformation property of the gluonic field Aγ(z) = A
a
γt
a (where ta are colour
group generators) under the generalized charge conjugation
CAγ(z)C† = −Aγ(z)T . (A.4)
In this way we obtain that
〈π0(p2)|ψ¯(0)σ
α β Aγ(y)ψ(z)|π0(p1)〉 = e
−2iξ(P ·z)〈π0(p2)|ψ¯(0)σ
αβ Aγ(y − z)ψ(−z)|π0(p1)〉 ,
(A.5)
from which, using the parametrization of GPDs, it follows the properties
Ti(x1, x2, ξ, t) = Ti(−x2,−x1, ξ, t) , i = 1, 2 , (A.6)
shown in the table 1. Similar procedure is applied to all other 2- and 3-parton GPDs.
A.2 Symmetry properties of GPDs under the time invariance T
We present here the basic steps which lead to symmetry properties of GPDs shown in
the third column of table 1, based on time-reversal. The quark field transforms under
time-reversal T as [45]
T ψ(t,x)T † = ηT Aψ(−t,x) = ηT Aψ(−x˜) (A.7)
with
x˜µ ≡ (t,−x) and A = −iγ5C . (A.8)
Based on the transformation of creation and anihilation operators
T a(k)T † = ηT a(k˜) ,
T a†(k)T † = η∗T a
†(k˜) , (A.9)
the π0(p) state transforms under T as
|T π0(p)〉 = η∗T |π
0(p˜) and 〈T π0(p)| = 〈π0(p˜)| ηT . (A.10)
As a first example we consider first the 2-parton GPD entering the parametrization of the
matrix element 〈π0(p2)|q¯(z)σ
αβ q(−z)|π0(p1)〉, in which we omit the Wilson line. Substi-
tution of 1 = T †T into the correlator of the above matrix element leads to
〈π0(p2)|ψ¯(z)σ
αβ ψ(−z)|π0(p1)〉 = −〈π
0(p˜1)|ψ¯(z˜)σαβ ψ(−z˜)|π
0(p˜2)〉 (A.11)
and thus to the symmetry property
HT (x, ξ, t) = HT (x,−ξ, t) . (A.12)
Second, we consider the 3-parton correlator 〈π0(p2)|ψ¯(0)σ
α β Aγ(y)ψ(z)|π0(p1)〉 . The field
Aγ transforms under T as
T Aγ(y)T = Aγ(y˜) . (A.13)
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We thus have
〈π0(p2)|ψ¯(0)σ
α β Aγ(y)ψ(z)|π0(p1)〉=− e
iz˜·P˜ (−2ξ)〈π0(p˜1)|ψ¯(0)σαβ Aγ(−y˜+ z˜)ψ(z˜)|π
0(p˜2)〉,
(A.14)
which implies that
Ti(x1, x2, ξ) = −Ti(x2, x1,−ξ) , i = 1, 2 . (A.15)
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